ABSTRACT. In this paper, we consider the discrete nonlinear delay population model exhibiting the Allee effect
Introduction
The so-called Allee effect refers to a population which has a maximal per capita growth rate at intermediate density. This occurs when the per capita growth rate increases as density increases and decreases after the density passes a certain value. This is certainly not the case in the delayed logistic equation,
where the per capita growth rate is a decreasing function of the density. For an important case, aggregation and associated cooperative and social characteristics among members of species had been extensively studied in animal population by A l l e e [3] , [4] . When the density of population becomes too large, the positive feedback effect of aggregation and cooperation may be dominated by density dependent stabilizing negative feedback effect due to interspecific competition due to excessive crowding and the ensuing shortage of resources. G o p a l s a m y and L a d a s [6] studied the following delay Lotka-Volterra type single species population growth model,
where a, b, c, τ ∈ (0, ∞) with c > b.
When τ = 0, the per capita growth is g(x) = a + bx − cx 2 . Thenǵ(0) = b > 0 and g(x) achieves its maximum at x = b 2c , thus exhibiting the Allee effect. When b < 0, g(x) is decreasing function and therefore there is no Allee effect. E l a b b a s y , S a k e r and S a i f [9] proved that if (2) holds, and
then every positive solution of equation (1) . They also proved that every nonoscillatory solution of equation (1) tends to k when t tends to infinity. They extended these results to the more general equation
where a, b, c, τ ∈ (0, ∞) with c > b, q > p and some additional conditions on p and q. For a given differential equation, a difference equation approximation would be most acceptable if the solution of the difference equation is the same as the differential equation at the discrete points. But unless we can explicitly solve both equations, it is impossible to satisfy this requirement. Most of the time, it is desirable that a difference equation, when derived from a differential equation, preserves the dynamical features of the corresponding continuous time model such as equilibria, oscillation, their local and global stability characteristics and bifurcation behaviors. If such discrete models can be derived from continuous models, then the discrete time models can be used without loss of any functional similarity to the continuous-time models and it will preserve the considered realities; such discrete time models can be called "Dynamically consistent" with the continuous time models.
OSCILLATION AND STABILITY OF NONLINEAR DISCRETE MODELS
There is no unique way of deriving discrete time version of dynamical systems corresponding to continuous time formulations. One of the ways of deriving difference equations modeling the dynamic of populations with nonoverlapping generations is based on appropriate modifications of models with overlapping generations. In this approach, differential equations with piecewise constant arguments have been useful, see for example the paper by L i u and G o p a l s a m y [13] . Recently the method that has been established by L i u and G o p a l s a m y has been used by some authors to find the discrete analogy of some mathematical models. Using the technique that has been used in [13] , we will derive the discrete analogy of equation (3) . Thinking of differential equations with piecewise constant arguments, we can go on with the discrete analogy of equation (3) . Let us assume that the average growth rate in (3) changes at regular intervals of time, then we can incorporate this aspect in (3) and obtain the following modified equation 
Letting t → n + 1, we obtain that 
which is a discrete time analogy of (3). We note that the equilibrium points of (4) are the same as of system (3) . So the derived discrete analogy preserves on the equilibria.
In recent years, the investigation of the theory of difference equations has assumed a greater importance as well deserved discipline. Many results in the theory of difference equations have been obtained as more or less natural discrete analogous of corresponding results of differential equations ( [1] , [2] ). Nevertheless, the theory of difference equations is richer than the corresponding theory of differential equations. For example, a simple difference equation resulting from the first order differential equation exhibits the chaotic behavior which can only happen in higher order differential equations. We remark that in recent years oscillation and global attractivity of nonlinear delay discrete models have become a very popular subject. In fact, different models have been studied in [7] , [11] and the references cited therein.
By a solution of equation (4), we mean a sequence {x n } which is defined for n ≥ −τ and satisfies equation (4) for n ≥ 0. Association with equation (4), we consider the initial condition
The exponential form of equation (4) assures that the solution {x n } with respect to any initial condition (6) remains positive. Now we mention some definitions that will be useful in our investigation of equation (4) . (4) is said to be oscillatory about x * if the terms x n − x * of the sequence {x n − x * } are neither all eventually positive nor all eventually negative.
Consider the more general difference equation
Ò Ø ÓÒ 1.2º Let I be an interval of real positive numbers.
(i) The equilibrium point x of equation (7) is locally stable if for every ε > 0 there exists δ > 0 such that for all
we have
(ii) The equilibrium point x of equation (7) is locally asymptotically stable if x is locally stable solution of equation (7) and there exists γ > 0, such that for all
(iii) The equilibrium point x of equation (7) is global attractor if for all
(iv) The equilibrium point x of equation (7) is globally asymptotically stable if x is locally stable, and x is also a global attractor of equation (7).
(v) The equilibrium point x of equation (7) is unstable if x is not locally stable.
The linearized equation of equation (7) about the equilibrium x is the linear difference equation
The following well known theorem, called the Linearized Stability Theorem, is very useful in determining the local stability character of the equilibrium solution x, of equation (7).
is a sufficient condition for the asymptotic stability of the difference equation
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Ì ÓÖ Ñ Bº Assume p ∈ R and k ∈ N. Then all roots of the equation
The paper is organized as follows: In Section 2, we study the local stability of the equilibrium points of equation (4) . In Section 3, we study the oscillation of nonlinear delay difference equations with positive and negative coefficients, and apply our results to the equation (4) to give a sufficient condition for oscillation of all positive solutions about the positive steady state x * . Also we prove that every nonoscillatory solution of equation (4) tends to x * .
Local stability of equation (4)
In this section we study the local asymptotic stability of the equilibrium points of equation (4).
First we show that equation (4) has a unique positive equilibrium point. Observe that the equilibrium points of equation (4) are the solutions of the equation
It follows from (I) that
This means that for every x * satisfying the relation (I), we have f (x * ) is always negative, therefore equation (4) (4) about the zero equilibrium point is y n+1 − e a y n = 0.
Then its characteristic root is e a > 1. Hence by Theorem A the zero equilibrium point of equation (4) is unstable.
(ii) The linearized equation of equation (4) about the positive equilibrium point x * is
The result follows by Theorem B.
Oscillation of nonlinear difference equations with positive and negative coefficients and application to equation (4)
In this section, we establish some new sufficient conditions for oscillation of nonlinear delay difference equations with positive and negative coefficients.
Consider the nonlinear delay difference equation,
where the following hypotheses are satisfied:
, τ and σ, are positive integers with σ ≥ τ .
there exists a positive constant δ such that, either
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and
(h 4 ) There exists a positive constant M such that
Ì ÓÖ Ñ 3.1º Assume that (h 1 )-(h 4 ) are satisfied. Then every nonoscillatory solution of equation (9) tends to zero as n → ∞.
P r o o f. Let x(n) be a nonoscillatory solution of equation (9). We will assume that x(n) is eventually positive (the case where x(n) is eventually negative is similar and will be omitted). Assume that
First, we show that z(n) is nonincreasing. We see from equation (10) that
From equations (9) and (11) we get
Hence from (h 2 ) and (h 3 ) we find
This yields that z(n) is nonincreasing. Next, we prove that z(n) is positive. If it is not the case, then eventually z(n) < 0, and so there exist n 2 > n 1 and α > 0 such that z(n) ≤ −α < 0 for n ≥ n 2 , that is 
and (13), we find that
which is a contradiction.
(ii) if {x(n)} is bounded that is lim sup
and (13), we get
Taking the superior limit as i → ∞, we obtain a ≤ −α + a, which is also a contradiction. Combining (i) and (ii) we have z(n) is positive and x(n) ≥ z(n) for n ≥ n 2 . Now we show that x(n) is bounded. Otherwise there exists a sequence of points {n l } such that, lim
From equation (10) we have
Then, from (h 3 ) and (h 4 ) we find that
which contradicts (12) . Then from (10) and (12) we see that z(n) is also bounded, and lim n→∞ z(n) = k ∈ R. By summing both sides of (12) from n 2 to ∞ we obtain
We claim that lim inf n→∞ x(n) = 0. Otherwise there exists a positive constant β and
Then for n sufficiently large, (P (n) − Q(n + τ − σ))H 1 (x(n − σ)) is bounded below by a positive constant. This contradicts (14) . Hence lim inf n→∞ x(n) = 0. We
Now from equation (10) and by using (h 3 ) and (h 4 ) we find that
Choose ε 0 > 0 and sufficiently small, we get from the last inequality that
By taking the limit as n → ∞ we obtain
As ε 0 is arbitrary, we conclude 
oscillates, where ε > 0 is arbitrarily small, then every solution of equation (9) oscillates.
P r o o f. Assume that (h 2 ) holds, with
The case where
is similar and will be omitted. Now assume, for the sake of contradiction that equation (9) has a nonoscillatory solution. We will assume that x(n) is eventually positive solution of equation (9) (the case where x(n) is eventually negative is OSCILLATION AND STABILITY OF NONLINEAR DISCRETE MODELS similar and will be omitted), i.e., there exists n 1 sufficiently large such that
Then as in the proof of Theorem 3.1 we have
Since lim n→∞ x(n) = 0, it follows by Theorem 3.1 and (h 2 ) that
Then there exist ε ∈ (0, 1) and n ε such that for n ≥ n ε , x(n − σ) > 0 and
We obtain from (16) that
It follows by Theorem 3.1, since
Then by [16, Lemma 1] , the delay difference equation (15) has an eventually positive solution also, which contradicts the assumption that every solution of equation (15) oscillates. Then every solution of equation (9) oscillates. The proof is complete.
The oscillation of the linear delay difference equation (15) has been studied by many authors. By using the oscillation results in [5] , [8] , [10] , [15] , we get the following results.
Ì ÓÖ Ñ 3.3º Assume that one of the following statements is true:
(ii)
where
Then every solution of equation (15) ÓÖÓÐÐ ÖÝ 1º Assume that one of the following statements is true
then every solution of equation (15) is oscillatory.
Ì ÓÖ Ñ 3.5º Assume that one of the following is true
Then every solution of equation (15) is oscillatory.
Ì ÓÖ Ñ 3.6º Assume that
Remark 3.2º Theorem 3.2 shows that the oscillation of equation (9) is equivalent to the oscillation of the delay difference equation (15) . Now, by applying the above results we have the following oscillation criteria for oscillation of the nonlinear delay difference equation (9 
Remark 3.3º
In the above results some of the conditions (h 1 )-(h 4 ) may be weakened. In particular, from the proofs of Theorems 3.1 and 3.2 it is clear that if σ = τ , then condition (h 4 ) in all the above results may be dropped.
In the following theorem, we apply our oscillation results to establish the sufficient condition for oscillation of all positive solutions of equation (4) 
Then every positive solution of equation (4) oscillates about x * .
P r o o f. Let x(n) be an arbitrary positive solution of equation (4) (we consider the case where x n > x * since the case where x n < x * is similar and will be omitted). Set
Clearly, z(n) is positive, and satisfies the nonlinear difference equation Since σ = τ , in view of Remark 3.2 it is easy to see that all the hypotheses (h 1 )-(h 3 ) are satisfied for equation (29) . Then by the condition (27) every solution of equation (29) oscillates about zero, and this implies that every solution of equation (4) oscillates about x * . The proof is complete.
We note that Therefore one may think of the condition (27) of Theorem 3.11 as being the discrete analogy of equation (4) with the delay τ + 1. So the derived discrete analogy preserves the oscillation condition. In the following we give an attractivity result of all nonoscillatory solutions of equation (4) .
